In this paper, a new earthquake location method based on the waveform inversion is proposed.
INTRODUCTION
The earthquake location is a fundamental problem in seismology (Ge 2003a; Thurber 2014) . It consists of two parts: the determination of hypocenter ξ and origin time τ . These information are extremely important in quantitative seismology, e.g. the earthquake early warning system (Satriano et al. 2008) , the investigation of seismic heterogeneous structure (Tong et are small. This is due to the bad mathematical properties of the delta function f (t − τ )δ(x − ξ) in the wave equation. To solve this problem, we shift the synthetic data so that its difference with the real data is minimized. The shifting parameter can be obtained by solving a simple sub-optimization problem. The above effects ensure correctness of the important assumption δs(x,t) s (x,t) 1 of the adjoint method in a large range. Thus, we can expect a large convergence domain of the new earthquake location method. According to the numerical experiments, the range of convergence is significantly enlarged. We also remark that the idea is similar to the Wasserstein metric (Engquist & Froese 2014; Engquist et al. 2016 ), but we provide a simple and alternative implementation.
The paper is organized as follows. In Section 2, the conventional waveform based adjoint inversion method is reviewed for the earthquake hypocenter and origin time. We propose the new method for the earthquake location in Section 3. In Section 4, the numerical experiments are provided to demonstrate the effectiveness of the new method. Finally, we make some conclusive remarks in Section 5.
THE INVERSION METHOD
Consider the scalar acoustic wave equation ∂ 2 u(x, t; ξ, τ ) ∂t 2 = ∇ · c 2 (x)∇u(x, t; ξ, τ ) + f (t − τ )δ(x − ξ), x, ξ ∈ Ω,
with initial-boundary conditions u(x, 0; ξ, τ ) = ∂ t u(x, 0; ξ, τ ) = 0, x ∈ Ω,
n · c 2 (x)∇u(x, t; ξ, τ ) = 0, x ∈ ∂Ω.
Here u(x, t; ξ, τ ) is the wavefield with respect to parameters τ and ξ. The wave speed is c(x). The
is the dimension of the problem and n is the unit outer normal vector
to the boundary ∂Ω of Ω. The seismogram at source has the form of Ricker wavelet
in which f 0 is the dominant frequency and A is the normalization factor. In this study, the point source hypothesis δ(x − ξ) for the hypocenter focus is considered for the situation where the temporal and spatial scales of seismic rupture are extremely small compared to the scales of seismic waves propagated (Aki & Richards 1980; Madariaga 2015) . For simplicity, the reflection boundary condition (3) is considered here. There is no essential difference for other boundary conditions, e.g. the perfectly matched layer absorbing boundary condition (Komatitsch & Tromp 2003; Ma et al. 2015) .
Remark 2.1. For the acoustic wave equation (1), we have the invariance property in time translation (Evans 2010) u(x, t − ∆τ ; ξ, τ ) = u(x, t; ξ, τ + ∆τ ).
Remark 2.2. The compatibility condition requires that f (t − τ ) = 0 and τ > 0.
These are very nature in practical problems.
Let ξ T and τ T be the real earthquake hypocenter and origin time. Thus, the real earthquake signal d r (t), which was receiver at station r can be considered as
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Here η r is the location of the r−th receiver. The synthetic signal s(x, t) corresponding to the initial hypocenter ξ and origin time τ is s(x, t) = u(x, t; ξ, τ ).
By introducing the misfit function
we define the nonlinear optimization problem
Obviously, the global solution exists and is unique (Nocedal & Wright 1999) . In the following part, the sensitivity kernel (Liu & Gu 2012; Rawlinson et al. 2010; Tong et al. 2014b ) will be derived to solve this inversion problem iteratively.
The adjoint method
The perturbation of parameters δξ ξ and δτ τ 1 would generate the perturbation of wave function δs(x, t), it writes δs(x, t) = u(x, t; ξ + δξ, τ + δτ ) − u(x, t; ξ, τ ).
Then δs(x, t) satisfies
Multiply an arbitrary test funciton w r (x, t) on equation (8) 
Note that the Taylor expansion is used and higher order terms is ignored in the last step.
On the other hand, the misfit function (6) also generates the perturbation with respect to δs(x, t), assume that
where "≈" is obtained by ignoring high order terms of δs(x, t).
Let w r (x, t) satisfy the wave equation with terminal-boundary conditions
Thus, the linear relation for δχ and δξ, δτ can be obtained by subtracting (10) from (9)
In particular, if
This gives an alternative form of equation (12) 
By defining the sensitivity kernel for the hypocenter ξ and origin time τ as
equation (13) gives a single equation of the large linear system
The above linear system has been nomailized so that the condition number can be optimized
A NEW METHOD TO EXPAND THE CONVERGENCE DOMAIN
In this section, we are investigating the techniques to enlarge the convergence domain for the inversion of earthquake hypocenter ξ T and origin time τ T . It is assumed that the wave speed c(x) is already well known. For situations of inaccurate or unknown wave speed, we refer to the discussions in (Liu et al. 2004) or the joint inversion for wave speed, hypocenter and origin time.
Estimation of the origin time
As it was discussed in Section 2.1, the first-order Born approximation in the adjoint method requires an infinitesimal perturbation assumption of wave function δs(x, t) s(x, t) 1, see also (Liu & Gu 2012; Rawlinson et al. 2010; Tong et al. 2014b; Tromp et al. 2005) . However, as
we will see in Example 3.1, it is very difficult to guarantee this assumption even if the perturbations of the earthquake hypocenter and origin time are very small δξ ξ 1 and δτ τ 1.
That's one of the reasons why the convergence domain of the waveform based method is very small.
Example 3.1. This is a 2D unbounded problem with constant wave speed c(x) ≡ c 0 for the scalar acoustic wave equation (1) with initial condition (2). Its solution can be analytically given (Evans 2010) :
in which
Let x = (x, z) denote the horizontal and depth coordinate respectively. The constant wave speed is c 0 = 6.5km/s. There are 20 equidistant receivers on the surface,
Consider an earthquake occurs at hypocenter ξ T = (50km, −30km) and origin time τ T = 10s
with dominant frequency f 0 = 2Hz, its signal d r (t) received by station r = 7 can be considered as (4) and (15). The synthetic signal s(η r , t) corresponding to the initial hypocenter ξ = (52km, −30.3km) and origin time τ = 10s at the same station r = 7 can be obtained
by (5) and (15). The perturbation between the real and initial hypocenter is small
and it is also correct for the perturbation between the real and initial origin time
Nevertheless, as we can see in Figure 1 , the difference between the real signal d r (t) and the synthetic signal s(η r , t) at receiver station r = 7 is significantly large: which contracts to the basic assumption.
The key observation in Exam 3.1 is that the infinitesimal perturbation assumption
is not trivial to get. However, we note that the main difference between the real signal d r (t) and synthetic signal s(η r , t) is caused by the time shift. Thus, we define the relative error function with respect to the time shift of the synthetic signal
Solving the following sub-optimization problem
the infinitesimal perturbation assumption may be satisfied in the sense of time translation.
Example 3.2. Consider the same parameters set up as in Exam 3.1, thereby the real signal d r (t) and the synthetic signal s(η r , t) are the same as those in Exam 3.1. The real signal d r (t) (red solid line) and the shifted synthetic signal s(η r , t − τ * r ) (black dashed line) at receiver station r = 7. Bottom Right: The difference between the real signal and the shifted synthetic signal
(magenta solid line) at receiver station r = 7. The text representation in the figure has been simplified without causing any misunderstandings.
The relative error function e r (τ ) defined in (16) is presented in Figure 2 Up. We can observe a global minimum of e r (τ ). Thus, the optimal time translation parameter τ * r can be easily computed through (17).
According to the above time translation, the difference between the real signal d r (t) and the shifted synthetic signal s(η r , t − τ * r ) is small, see Figure 2 Bottom. This implies that the modified infinitesimal perturbation assumption in (18) is satisfied here.
At last, by the invariance property in time translation, see Remark 2.1, this optimal time shift τ * r computed from (17) can be used to shift the initial origin timê
so that the infinitesimal perturbation assumption
1 can be satisfied in the original sense rather than the modified sense (18). still focus on the signals received at station r = 7. These synthetic signals can be obtained by s 1 (η r , t) = u(η r , t; ξ, τ 1 ), s 2 (η r , t) = u(η r , t; ξ, τ 2 ).
In Figure 3 Up, the difference between the real signal d r (t) and the synthetic signal s 1 (η r , t) is large, but the difference between the real signal d r (t) and the other synthetic signal s 2 (η r , t) is small, see Figure 3 Bottom.
The selection of receiver stations
In previous subsection, the time shift τ * r has been discussed for single receiver station r. For practical problems, there are many receiver stations, thus we need to solve the following suboptimization problem
rather than (17). Here R is the set of all receiver stations that we use for inversion, which will be determined later. The set of all receiver stations is denote by A, and it is obviously that R ⊂ A. and the synthetic signals s(η r , t) can be obtained in the same manner as in Exam 3.1
for all receiver stations r ∈ A = {1, 2, · · · , 20}. In Figure 4 , we output all the real signals d t (t)
and the synthetic signals s(η r , t). According to the figures, we can see that τ * r < 0, for r = 1, 2, · · · , 10, τ * r > 0, for r = 11, 12, · · · , 20.
Therefore, we cannot get satisfactory value τ * from (20) if #R is large. Here #R denotes the number of elements in the set R.
The above example shows that discussions in Subsection 3.1 may fail when #R is large. In fact, due to the small degree of freedom of the earthquake location problem, it is not necessary to consider large #R. On the other hand, #R is the number of constraints, which is proportional to the number of wave field computations. Therefore, we prefer to choose a relative small #R for inversion. Accordingly to our numerical experiences, a suitable choice of #R is 5 ∼ 7. However, this discussion doesn't determine which elements should be in R. A natural consideration is to A new earthquake location method based on the waveform inversion 13 solve a more general nonlinear optimization problem
The essence of the above problem is that receivers set R is considered as optimization variable. It is easy to check that for 1 ≤ n 1 < n 2 ≤ #A, we have
In practice, solving the problem (21) is complicated. Instead, we can firstly solve a simplified optimization problem
Then, for fixed receivers set R * , we have
Similar to equation (19), the optimal time shift τ * for multiple receivers can also be used to shift the initial origin timeτ
The detailed implementation
In summary of all the above, the detailed implementation of the algorithm is as follows:
1. Initialization. Set the tolerance value ε = 0.01km, the threshold value σ = 100km and the break-off step K = 30. Let k = 0 and give the initial hypocenter ξ 0 and the initial origin time
2. For ξ k , solving (22) to determine the receivers set R * k and estimating the origin time τ k by (23) and (24).
3. Construct the sensitivity kernels K ξ r,k , K τ r,k for r ∈ R * k and solve the normalized linear system (14) to get δξ k and δτ k , then update the estimation of hypocenter for step k + 1,
5. If k + 1 > K, go to step 6. Otherwise, let k = k + 1 and go to step 2 for another iteration.
6. Output the error message: "The iteration diverges." and stop.
7. Update the estimation of origin time for step k + 1,
Output (ξ k+1 , τ k+1 ) and stop.
Once the value (ξ k+1 , τ k+1 ) is output, we get the hypocenter and the origin time for the specific earthquake. Otherwise, the algorithm should be restarted with different initial value of hypocenter ξ 0 until the convergent result is obtained.
In this algorithm, the extra computational cost arise from solving the sub-optimization problem (22) and (23). But this part in the overall computational cost is minor. The reason is that the suboptimization problem (22) and (23) are only one dimensional. Taking into consideration the saving from less computation of the wave equations, the total cost is reduced here. Furthermore, since the new method greatly enlarges the convergence domain, the number of initial values of hypocenter that we need to select in solving the earthquake location problem can be significantly reduced compared to the conventional method. This greatly reduces the overall computational cost.
NUMERICAL EXPERIMENTS
In this section, three examples are presented to demonstrate the validity of our method. And we will see the comparison between the conventional method and the new method for the earthquake location problem.
Example 4.1. Let's take the same parameters set up as in Exam 3.1. Then the real signals d r (t) and the synthetic s(η r , t) can be obtained by (4), (5) and (15) for different receiver r = 1, 2, · · · , 20.
with dominant frequency f 0 = 2Hz. In Figure 5 In Figure 5 (Up, Right), 2800 uniformly distributed grid nodes are tested as the initial hypocenter of earthquake ξ in the searching domain [10km, 90km] × [−70km, 0km] for the new method.
There are 1597 grid nodes converge to the correct hypocenter. Using the same formula, the area of the convergence domain is roughly estimated as 3194 km 2 . In contrast, the convergence probability of the new method is about
times that of the conventional method for this case.
From the figure, we can also see that all the tested initial hypocenter in the rectangular region Consider an earthquake occurs at hypocenter ξ T = (50km, −6km) and origin time τ T = 10s
with dominant frequency f 0 = 2Hz. In Figure 5 Considering all of the above, we note that the new method works better for the deep earthquake rather than the shallow earthquake. One explanation is that the convergence domain is nearly symmetric about the earthquake hypocenter. But it doesn't hold for shallow earthquake in z direction since selecting the initial hypocenter above the surface is non-physical. This discussion also applies to the following examples. for shallow earthquake. The unit is 'km/s'. We use the finite difference scheme (Dablain 1986; Wang et al. 2012; Yang et al. 2003; Yang et al. 2004; Yang et al. 2006) to solve the acoustic wave equation (1) with initial condition (2). The problem can also be solved by other numerical methods, e.g. finite element methods (Lysmer & Drake 1972; Marfurt 1984) , the spectral element method (Kim et al. 2011; Liu et al. 2004 ) and the discontinuous Galerkin method (He et al. 2014; He et al. 2015) . The reflection boundary condition is used on the earth's surface, and the perfectly matched layer (Komatitsch & Tromp 2003; Ma et al. 2015 ) is used for other boundaries. The delta function δ(x − ξ) in the wave equation (1) is discretized using the techniques proposed in (Wen 2008 ). There are 20 equidistant receivers on the surface η r = (x r , z r ) = (5r − 2.5km, 0), r = 1, 2, · · · , 20.
Since the hypocenter of earthquake is not far from the receiver stations, we only use the direct wave to locate the earthquake.
Consider an earthquake occurs below the medium interface ξ T = (50km, −20km) and origin time τ T = 10s with dominant frequency f 0 = 2Hz (see Figure 6 Up). In Figure 7 Consider an earthquake occurs above the medium interface ξ T = (50km, −6km) and origin time τ T = 10s with dominant frequency f 0 = 2Hz (see Figure 6 Bottom). In Figure 7 (Bottom, Left), 441 uniformly distributed grid nodes are tested as the initial hypocenter of earthquake ξ in the searching domain [47km, 53km] × [−21km, −1km] for the conventional method.
There are 216 grid nodes converge to the correct hypocenter, thus the area of the convergence domain is roughly estimated as 58.8 km 2 . In Figure 7 (Bottom, Right), 1344 uniformly distributed grid nodes are tested as the initial hypocenter of earthquake ξ in the searching domain
, 0km] for the new method. There are 592 grid nodes converge to the correct hypocenter, thus the area of the convergence domain is roughly estimated as 925 km 2 . In contrast, the convergence probability of the new method is about 15.7 times that of the conventional method for this case.
From the figure, we can also see that all the tested initial hypocenter in the rectangular region with unit 'km/s'. We consider the same set-up as in Exam 4.2, e.g. the forward scheme, the boundary conditions and the discretized delta function. There are 12 receivers η r = (x r , z r ) on the surface with z r = 0, their horizontal positions are randomly given, see Table 1 for details. In this example, we still only use the directive wave to locate the earthquake. In real world, region with the similar velocity model is always seismogenic zone (Tong et al. 2011) . Earthquakes in this kind of region can occur in the crust, in the subduction zone or in the mantle (Tong et al. 2012 ).
Complex velocity structure makes source location very difficult.
We firstly investigate the case that the earthquake occurs in the mantle but the initial hypocenter of the earthquake is chosen in the subduction zone, and its contrary case. In Figure 9 , we can see the convergent history. The second case is that the earthquake occurs in the mantle but the initial hypocenter of the earthquake is chosen in the crust. The convergent history can be seen in Figure   10 . From these tests, we can observes nice convergent result of the new method, even though the real and initial hypocenter of the earthquakes are far from each other. A new earthquake location method based on the waveform inversion 21 Figure 9 . Convergent history of the first case in Example 4.3, from initial hypocenter in the subduction zone to the real hypocenter in the mantle (Up) and its contrary case (Bottom). Left: the convergent trajectories;
Right: the absolute errors with respect to iteration step between the real and computed hypocenter of the earthquake.
CONCLUSION AND DISCUSSION
The main contribution in this paper is that convergence domain of the waveform based earthquake location method has been greatly expanded. Accordingly to the numerical evidence presented earlier, the convergence domain has been enlarged 10 ∼ 300 times in the two test problems. This means that even from the relatively poor initial values of earthquake hypocenter, our method is also likely to convergence to the correct results with high accuracy.
We have to explain that this paper focuses on the development of new method. For practical 
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three-dimensional problem, we believe that the new method is also applicable. We are investigating this approach. We hope this can be reported in an independent publication in the near future.
